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THEOREM 5.1  If G is a bipartite graph, then each cycle of G has even length. 
 

 
 

THEOREM 5.2  Let G be a simple graph on n vertices. If G has k components, 
then the number m of edges of G satisfies n � k � m � 1

2 (n � k)(n � k +1) . 

 

 
 



 

 
 

COROLLARY 5.3  Any simple graph with n vertices and more than 
1
2 (n �1)(n � 2)  edges is connected. 

 

 



 

 



 

 



 

 



 

 
 

LEMMA 6.1  If G is a graph in which the degree of each vertex is at least 2, 
then G contains a cycle. 

 

 
 

THEOREM 6.2  (Euler, 1736)  A connected graph G is Eulerian if and only if 
the degree of each vertex of G is even. 

 

 



 

Eulerian graphs   33 
 

COROLLARY 6.3  A connected graph is Eulerian if and only if its set of edges 
can be split up into disjoint cycles. 

 

COROLLARY 6.4  A connected graph is semi-Eulerian if and only if it has 
exactly two vertices of odd degree. 

 

 
 

THEOREM 6.5  Let G be an Eulerian graph. Then the following construction is 
always possible, and produces an Eulerian trail of G.  
 

Start at any vertex u and traverse the edges in an arbitrary manner, subject only 
to the following rules:  
(1) erase the edges as they are traversed, and if any isolated vertices result, 
 erase them too;  
(2) at each stage, use a bridge only if there is no alternative. 

 

 
 



 

 



 

 
  



 

36   Paths and cycles 
 

 
 

 
 

THEOREM 7.1  (Ore, 1960)  Soit G un graphe simple d’ordre  n, n � 3. G est 
hamiltonien dès que, pour toute paire de sommets  u  et  v  non adjacents, 
deg(u)+ deg(v) � n . 

 
Preuve.  Nous procédons par l’absurde. Supposons que le théorème soit faux. 
Alors on doit admettre l’existence d’un graphe non hamiltonien de  n  sommets 
satisfaisant la condition deg(u)+ deg(v) � n , pour toute paire de sommets  u  et  v  
non adjacents. En ajoutant au besoin des arêtes supplémentaires — ce qui préserve 
la condition sur les degrés —, on peut supposer que G est « presque hamiltonien » 
dans le sens que l’adjonction de toute nouvelle arête le rendrait hamiltonien. 
 Il s'ensuit que G contient un chemin v1v2 ... vn  passant par chaque sommet. 

Puisque G n’est pas hamiltonien, les sommets v1  et vn  ne sont pas adjacents et 

l’on a deg v1( ) + deg vn( ) � n .  

 Soit S l’ensemble des sommets adjacents à v1  et T celui des sommets 

adjacents à vn . On remarque que S = deg v1( ) � n �1  et T = deg vn( ) � n �1 .  

 Alors, si vi �S  on a  vi�1� T  pour tout  2� i� n  ; si ce n’était pas le cas, 

v1v2 ... vi�1vnvn�1 ... viv1  serait un cycle hamiltonien dans G :  

 

      
 

 Ainsi, deg vn( ) � (n �1)� deg v1( ) , puis deg v1( ) + deg vn( ) � n �1, ce qui est 

contradictoire. 
 

 

COROLLARY 7.2  (Dirac, 1952)  If G is a simple graph with n � 3  vertices, 
and if   deg(v) � n / 2   for each vertex  v, then G is Hamiltonian. 

 



 

 
 

7.7 1) Let G be a simple graph with  n� 3  vertices and  
1
2 (n�1)(n�2) + 2  

  edges. Use Theorem 7.1 (Ore) to prove that G is Hamiltonian.  
 

 2) Find a non-Hamiltonian graph with  n� 3  vertices and   
   

1
2 (n�1)(n�2) + 1  edges. 



 

 
 

The shortest path problem. Dijkstra’s algorithm 
 

 
 



 

 



 

 



 

 



 

 
 



 

 



 

44   Trees 
 

THEOREM 9.1  Let T be a graph with n vertices. Then the following 
statements are equivalent:  
 

1) T is a tree;  
2) T contains no cycles, and has n �1  edges;  
3) T is connected, and has n �1  edges;  
4) T is connected, and each edge is a bridge;  
5) any two vertices of T are connected by exactly one path;  
6) T contains no cycles, but the addition of any new edge creates exactly one 
 cycle. 

 

 
 

COROLLARY 9.2  If G is a forest with n vertices and k components, then G 
has n � k  edges. 

 

 



 

 
 

THEOREM 9.3  If T is any spanning forest of a graph G, then  
 

1)   each cutset of G has an edge in common with T;  
2)   each cycle of G has an edge in commun with the complement of T. 

 

 



 

 



 

 



 

 
 

THEOREM 10.1  (Cayley, 1889)  There are nn�2  distinct labelled trees on n 
vertices. 

 

 



 

 



 

 
 

COROLLARY 10.2  The number of spanning trees of Kn  is nn�2 . 

 

 
 

THEOREM 10.3  Let G be a connected simple graph with vertex set 
v1, v2, ... , vn{ } , and let M = mij( )  be the n × n  matrix in which mii = deg(vi ) , 
mij = �1  if vi  and vj  are adjacent, and mij = 0  otherwise. Then the number of 
spanning trees of G is equal to the cofactor of any element of M. 

 



 

 
 
  



 

52   Trees 
 
The minimum connector problem. Kruskal’s algorithm 
 

 
  



 

More applications   53 
 

 
 The algorithm (Kruskal, 1955) is described in general in the following theorem. 

 

THEOREM 11.1  Let G be a connected graph with n vertices. Then the 
following construction gives a solution of the minimum connector problem:  
 

•  let e1  be an edge of G of smallest weight;  

•  define e2, e3, ... , en�1  by choosing at each stage a new edge of smallest 

possible weight that forms no cycle with the previous edges ei . The required 

spanning tree is the subgraph T of G whose edges are  e1, e2, ... , en�1 . 

 

 
 

 
 



 

 



 

 



 

 



 

 



 

 



 

 
 
 



 

 

 
  



 

Planar graphs   61 
 
 

THEOREM 12.1  K3, 3  and K5  are non-planar. 

 

 



 

 
 

THEOREM 12.2  (Kuratowski, 1930)  A graph is planar if and only if it 
contains no subgraph homeomorphic to K5  or K3, 3 . 

 

 
 

THEOREM 12.3  A graph is planar if and only if it contains no subgraph 
contractible to K5  or K3, 3 . 

 



 

 



 

 



 

 



 

 
 

THEOREM 13.1  (Euler, 1750)  Let G be a plane drawing of a connected 
planar graph, and let n, m and f denote respectively the number of vertices, 
edges and faces of G. Then n � m + f = 2 . 

 

 



 

 
 

COROLLARY 13.2  Let G be a polyhedral graph. Then, with the above 
notation, n � m + f = 2 . 

 

 
 

COROLLARY 13.3  Let G be a plane graph with n vertices, m edges, f faces 
and k components. Then n � m + f = k +1 . 

 

 
 

COROLLARY 13.4  (i)  If G is a connected simple planar graph with n � 3  
vertices and m edges, then m � 3n � 6 .  
(ii)  If, in addition, G has no triangles, then m � 2n � 4 . 

 

 
 

COROLLARY 13.5  K5  et K3, 3  are non-planar. 

 

 



 

 
 

THEOREM 13.6  Every simple planar graph contains a vertex of degree at 
most 5 (� 5 ). 

 

 



 

 
 

THEOREM 13.7  Let G be a simple graph with n � 3  vertices and m edges. 
Then the thickness t(G)  of G satisfies the inequalities t(G) � m / (3n � 6)�� ��  
and t(G) � (m + 3n � 7) / (3n � 6)�� �� . 

 

 



 

 
 

THEOREM 14.1  The genus of a graph does not exceed the crossing number. 
 



 

 



 

 
 

THEOREM 17.1  If G is a simple graph with largest vertex-degree � , then G 
is (� +1 )-colourable. 

 

 
 

THEOREM 17.2  (Brooks, 1941)  If G is a simple connected graph which is not 
a complete graph, and if the largest vertex-degree of G is � � 3 , then G is  
�-colourable.  

 

 



 

 
 

THEOREM 17.3  Every simple planar graph is 6-colourable. 
 

 
 

THEOREM 17.4  Every simple planar graph is 5-colourable. 
 

 



 

 
 

THEOREM 17.5  (Appel and Haken, 1976)  Every simple planar graph is  
4-colourable. 

 

 



 

 



 

 
 

THEOREM 17.2  If G is a simple connected graph which is not a complete 
graph, and if the largest vertex-degree of G is � � 3 , then G is �-colourable.  

 

 



 

 



 

 



 

 
 

THEOREM 19.1  A map G is 2-colourable(f) if and only if G is an Eulerian 
graph. 

 

 
 

THEOREM 19.2  Let G be a plane graph without loops, and let G* be a 
geometric dual of G. Then G is k-colourable(v) if and only if G* is k-
colourable(f). 

 



 

 
 

THEOREM 19.1  A map G is 2-colourable(f) if and only if G is an Eulerian 
graph. 

 

 
 

COROLLARY 19.3  The four-colour theorem for maps is equivalent to the 
four-colour theorem for planar graphs. 

 

 
 

THEOREM 19.4  Let G be a cubic map. Then G is 3-colourable(f) if and only 
if each face is bounded by an even number of edges. 

 



 

 
 

THEOREM 19.5  In order to prove the four-colour theorem, it is sufficient to 
prove that each cubic map is 4-colourable(f). 

 

 



 

 



 

 
 

THEOREM 20.1  (Vizing, 1964)  If G is a simple graph with largest vertex-
degree � , then � � �’(G) � � +1 . 

 

 
 

THEOREM 20.2  �’ Kn( ) = n  if n is odd (n � 1), and �’ Kn( ) = n �1  if n is 
even. 

 

 
 

THEOREM 20.3  The four-colour theorem is equivalent to the statement that 
�’(G) = 3  for each cubic map G. 

 



 

 
 

THEOREM 20.4  (König, 1916)  If G is a bipartite graph with largest vertex-
degree � , then �’(G) = � . 

 

 



 

 
 

COROLLARY 20.5  �’ Kr, s( ) = max(r, s)  
 

 



 

 
 

THEOREM 21.1  Let G be a simple graph, and let G � e  and G / e  be the 
graphs obtained from G by deleting and contracting an edge e. Then 
PG (k) = PG�e(k)� PG /e(k) . 

 



 

 
 

COROLLARY 21.2  The chromatic function of a simple graph is a polynomial. 
 



 

 



 

 



 

 



 

 
 

THEOREM 25.1  (Hall, 1935)  A necessary and sufficient condition for a 
solution of the marriage problem is that each set of k girls collectively knows at 
least k boys, for 1� k � m . 

 



 

114   Matching 
 

COROLLARY 25.2  Let G = G V1 ; V2( )  be a bipartite graph, and for each 
subset A of V1 , let �(A)  be the set of vertices of V2  that are adjacent to at least 
one vertex of A. Then a complete matching from V1  to V2  exists if and only if 
A � �(A) , for each subset A of V1 . 

 

 
 



 

Matching   115 
 

 
 



 

126   Network flows 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



 

 



 

 
 

THEOREM 29.1  (Max-flow min-cut theorem)  In any network, the value of 
any maximum flow is equal to the capacity of any minimum cut. 
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